D-meson lifetimes within the heavy quark expansion by Lenz, Alexander & Rauh, Thomas
ar
X
iv
:1
30
5.
35
88
v2
  [
he
p-
ph
]  
30
 A
ug
 20
13
TUM-HEP-890/13
D-meson lifetimes within the heavy quark expansion
Alexander Lenz∗
IPPP, Department of Physics, University of Durham, DH1 3LE, UK and
CERN - Theory Divison, PH-TH, Case C01600, CH-1211 Geneva 23, Switzerland
Thomas Rauh†
TU Mu¨nchen, Physik-Department, 85748 Garching, Germany
(Dated: November 8, 2018)
Abstract
Even if new data indicate that direct CP violation in D-meson decays is compatible with the standard
model expectation, the first hints for direct CP violation have triggered a lot of interest, and charm phe-
nomenology will remain an essential part of new physics searches due to its unique role as a probe for
flavor-changing neutral currents among up-type quarks. Charm physics poses considerable theoretical chal-
lenges, because the charm mass is neither light nor truly heavy. The heavy quark expansion (HQE) provides
a perturbative expansion in the inverse heavy quark mass for inclusive rates. It has proved to be very
successful in the B sector, yet its validity for charm decays has often been questioned. We present results
of a HQE study of D-meson lifetimes including NLO QCD and subleading 1/mc corrections. We find good
agreement with experimental data, but with huge hadronic uncertainties due to missing lattice input for
hadronic matrix elements.
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I. INTRODUCTION
The charm quark plays a unique role in the standard model. Since the top quark decays before
it can hadronize [1], charm is the only up-type quark, whose hadronic weak decays can be analyzed.
The D sector thus offers the only handle to probe flavor-changing neutral currents among weak-
isospin up quarks. Mixing is by now well established in the charm sector [2–4] and has already
provided severe constraints on some new physics models [5]. First experimental results on CP
violation in D0 → π+π−,K+K− decays [6] caused a lot of attention among phenomenologists [7];
see e.g. Ref. [3] for an overview. However, after a recent update [8], the experimental results seem
to be compatible with the standard model expectation. Yet, the present experimental average [4]
for ∆adirCP still differs from zero by 2.7σ, and further analyses are mandatory to resolve this issue.
Unfortunately, there are severe theoretical challenges in the charm sector, because the charm quark
mass is neither light nor truly heavy.
We present a study of D-meson lifetimes within the heavy quark expansion (HQE) [9–17], an
operator product expansion (OPE)-based framework [18], that expresses inclusive decay rates as
an expansion in the inverse heavy quark mass. Lifetimes are used for the purpose of probing the
HQE in charm, because new physics effects are expected to be negligible. This formalism is well
established and experimentally verified in the B sector. The validity of the HQE in the D sector
has, however, often been questioned, because of the lower charm quark mass. But there is a simple
yet persuasive argument that suggests that the situation is not that pessimistic [19]. The HQE
is an expansion in the hadronic scale Λ over the momentum release
√
m2i −m2f in the considered
decay rate i→ f. The confrontation of the HQE prediction for the lifetime difference in the neutral
Bs meson system, ∆Γs [20],
1 with recent experimental results [4] shows excellent agreement:
∆ΓSMs = (0.087 ± 0.021) ps−1, ∆Γexps = (0.081 ± 0.011) ps−1. (1)
The dominant contribution to ∆Γs comes from the D
(∗)+
s D
(∗)−
s final state, where the momentum
release is ∼ 3.3− 3.6 GeV. Explicit calculation shows that the HQE expansion parameter for ∆Γs
is around 1/5 [26]. This implies that the relevant hadronic scale is of order 0.7 GeV and thus
slightly below the 1 GeV it is commonly expected to be. Comparison with the typical momentum
release in D-meson decays should yield a rough estimate of the expansion parameter governing the
HQE in the D sector. For D0 and D+ mesons, the dominant final states consist of a kaon and
one to three pions, which corresponds to a momentum release of ∼ 1.6 − 1.8 GeV. For D+s , the
1 This is based on the computations in Refs. [21–25].
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dominant decay channels are a kaon pair and one or two pions, as well as η′(958)π+ and ηρ+ with
a momentum release of ∼ 1.5−1.6 GeV, but there is also a large branching ratio to η′(958)ρ+ with
a momentum release of just ∼ 0.9 GeV [27]. This suggests an expansion parameter of ∼ 0.4− 0.5
which looks rather promising. Yet it is possible that final states with small momentum release like
η′(958)ρ+ spoil the validity of the HQE in the case of D+s .
A calculation of subleading corrections in charm mixing within the framework of the HQE [28]
likewise did not show signs of a breakdown of the perturbative approach. It turned out that the
charm width difference receives NLO QCD corrections at a level below 50% and 1/mc corrections
of 30%. Thus, we consider it worthwhile to investigate D-meson lifetimes within the framework of
the HQE.
The outline of this paper is as follows. In Sec. II we summarize previous work onD-meson lifetimes.
The relevant formulas for the HQE are given in Sec. III. In Sec. IV we present a phenomenological
analysis of the lifetimes of charmed mesons. We conclude in Sec. V.
II. HISTORY OF D-MESON LIFETIMES
The first estimations of the lifetimes of charmed particles were based on the assumption that
the free charm decay dominates the process, while the lighter quarks in the hadron only act as
spectators [29–31]. Within this spectator picture, the lifetimes of all charmed mesons are expected
to be nearly identical. Thus, it came as quite a surprise when the first data showed that the lifetimes
substantially differed, especially since the first measurements hinted at a much larger deviation than
what is established today [32–34]. As a response, two mechanisms were suggested trying to explain
this effect. The first proposed a reduction of the D+ decay rate due to the Pauli interference
contribution shown in Fig. 3a [35]. Here, the 1/m3c suppression of the Pauli interference effect was
not accounted for, i.e. in today’s language the authors have set 16π2
(
f2DMD
/
m3c
)
= 1. The second
mechanism proposed an enhancement of the D0 decay rate due to the weak annihilation diagram
in Fig. 3b. The weak annihilation contribution suffers from chirality suppression. To ease this
suppression, it was proposed in Refs. [36–38] to consider gluon emission from the ingoing quark lines
as illustrated in Fig. 1. This yields a contribution proportional to f2D/ 〈Eq¯〉2, where fD ≈ 200 MeV
is the D-meson decay constant and 〈Eq¯〉 denotes the average energy of the initial antiquark. In
Ref. [38], the authors additionally included the Cabibbo-suppressed weak annihilation of D+ and
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FIG. 1: Gluon emission from the weak annihilation diagram.
obtained for the effects of weak annihilation in D0 and D+
τ(D+)
τ(D0)
∣∣∣∣
[38]
≈ 5.6 − 6.9, τ(D
+)
τ(D0)
∣∣∣∣
PDG’12[27]
= 2.536 ± 0.019. (2)
One should keep in mind that Pauli interference, which is now known to be the dominant effect,
is still neglected here. This shows what a severe overestimation these early analyses were.
Further studies of the Pauli interference effect [39] already obtained results similar to the later
HQE treatments; however, they were still in a less formal fashion. The first systematic treatments
were performed in the following years, when the idea of HQE was developed and was applied to
charm decays [9, 10, 40]. The formula below represents the starting point of the HQE and was
first presented in Ref. [9] with a sign error which was corrected in Ref. [40]
Γ(D+) =
G2F
2MD
〈
D+
∣∣ m5c
64π3
2C2+ + C
2
−
3
c¯c+
m2c
2π
[ (
C2+ + C
2
−
)
(c¯ΓµT
Ad)(d¯ΓµT
Ac)
+
2C2+ − C2−
3
(c¯Γµd)(d¯Γµc)
] ∣∣D+〉 .
(3)
We have rewritten this in the color-singlet and color-octet basis commonly used today for ∆C = 0
operators. The leading term describes the decay of the free charm quark in the parton model,
and the following term describes the 1/m3c -suppressed effect of Pauli interference. Neglecting weak
annihilation, the total decay rate for D0 is given by the first term of this expression. The four
quark operators have been evaluated in the vacuum insertion approximation. In the early analyses,
the lifetime ratios were generally underestimated,
τ(D+)
τ(D0)
∣∣∣∣
early HQE analyses
≈ 1.5, (4)
which was mainly due to a too-small estimate for the decay constant fD ≈ 160 − 170 MeV. The
present value of fD = 212.7 MeV yields τ(D
+)
/
τ(D0) ≈ 2.2, which drastically improves the
consistency with experiments. In Ref. [41], the effects of hybrid renormalization were first included.
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(i) (ii) (iii)
FIG. 2: Different cuts contributing to the weak annihilation. The f2D/ 〈Eu¯〉2-enhanced term due
to the cut (ii) considered in Refs. [36–38] is canceled by interference effects (i) and (iii), such that
the fully inclusive rate experiences the correct 1/m3c scaling behavior predicted by the HQE.
This constitutes the present state of theory predictions for the ratio of D+ and D0 lifetimes. It
was argued [10, 41] that τ(D+s ) ≈ τ(D0), which contradicted the experimental situation at that
time. However, better experimental results quickly straightened out the charmed mesons’ lifetimes.
It was further shown in Ref. [42] that the HQE was able to correctly reproduce the hierarchy of
lifetimes in the charm sector:
τ(D+) > τ(D0) > τ(Ξ+c ) > τ(Λ
+
c ) > τ(Ξ
0
c) > τ(Ω
0
c). (5)
During the second half of the 1980s, the experimental values improved and got a lot closer to the
present data. In 1992, Bigi and Uraltsev explained the apparent contradiction [13] between the
1/mc scaling of the HQE and the f
2
D/ 〈Eq¯〉2-enhanced gluon bremsstrahlung of Refs. [36–38]. They
showed that these power-enhanced terms cancel in fully inclusive rates between different cuts as
indicated in Fig. 2 and preasymptotic effects hence scale with 1/m3c , consistently with the HQE.
This was later confirmed by an explicit calculation, first for ∆Γs in Ref. [22] and then for lifetimes
in Refs. [23, 43]. In the following, Bigi and Uraltsev applied the HQE to charm lifetimes [44, 45].
For the D+s meson they found
τ(D+s )
τ(D0)
∣∣∣∣
[44]
= 0.9 − 1.3, τ(D
+
s )
τ(D0)
∣∣∣∣
PDG’12[27]
= 1.219 ± 0.018, (6)
where the uncertainty dominantly arises from the weak annihilation. However, during the estab-
lishment of 1/mQ expansions, the theory focus shifted towards B physics, where the corrections
are smaller and better controlled [46] (see Ref. [20] for updated NLO results). The validity of the
HQE in charm decays has frequently been questioned since, because of the smaller charm quark
mass. Yet, it has been shown in a number of reviews by Bigi et al. that the lifetimes of weakly
decaying charmed hadrons can be accounted for within the HQE at least in a ”semiquantitative”
5
fashion [47–49].
Summing up, the HQE was successful in reproducing the observed pattern of charm hadron
lifetimes and explaining the issue of gluonic bremsstrahlung enhancement. However, charm life-
times have so far only been considered at leading order in QCD. Subleading 1/mc corrections to
the spectator effects were never studied in charm, although they are expected to be sizeable. There
has never been a dedicated quantitative analysis of τ(D+)/τ(D0). For the numerical estimations,
the vacuum saturation approximation of the four quark operators has been invoked. Deviations
from this were parametrized in Refs. [45, 46], but never quantitatively examined in the charm
sector. Also, the mass of the strange quark and the muon have generally been neglected. We aim
to improve on this in a number of crucial points:
• We include NLO QCD corrections, which considerably reduces the dependence on the renor-
malization scale. This required a NLO computation of the coefficients for the semileptonic
weak annihilation in D+s presented in Appendix A.
• Bag parameters are introduced to allow for the matrix elements to differ from their vacuum
insertion approximation value.
• We compute subleading 1/m4c corrections to the spectator effects to investigate the conver-
gence behavior of the HQE.
• The effects of the strange quark and muon mass are fully included in the phase-space factors.
This improves the theory predictions for the lifetimes of D mesons considerably.
III. INCLUSIVE RATES FOR CHARMED HADRONS
The HQE provides an OPE-based framework for the description of inclusive decay rates of
hadrons containing one heavy quark [9–17]. It yields an expansion of Γ(HQ) in Λ/mQ , where Λ
denotes the hadronic scale expected to be of order ΛQCD and mQ denotes the heavy quark mass.
The HQE is based on the concept of quark hadron duality [50]. We work under the assumption
that duality holds and then confront the phenomenological results with experimental data.
Integrating out the W boson, one obtains the following effective Hamiltonian describing ∆C = 1
transitions (see e.g. Ref. [51] for a review):
Heff = GF√
2
[C1(µ1)Q1 + C2(µ1)Q2 +Qe +Qµ] + h.c.. (7)
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The local ∆C = 1 operators are
Q1 = s¯
′
jγµ(1− γ5)ci u¯iγµ(1− γ5)d′j , Q2 = s¯′iγµ(1− γ5)ci u¯jγµ(1− γ5)d′j (8)
and
Ql = s¯
′γµ(1− γ5)c l¯γµ(1− γ5)ν, (9)
with d′ = Vudd + Vuss and s
′ = Vcss + Vcdd. The Wilson coefficients Ci have been computed at
NLO QCD in Refs. [52, 53] and at NNLO QCD in Ref. [54]. We will, however, only use the
NLO expressions in the NDR scheme defined in Ref. [53] throughout this work. The HQE then
integrates out the hard momenta of the final-state particles. We use the optical theorem to express
the decay rate via the imaginary part of the forward scattering amplitude
Γ(Hc) =
1
2MHc
〈
Hc
∣∣∣∣ℑ
(
i
∫
d4xT [Heff(x)Heff(0)]
) ∣∣∣∣Hc
〉
=
1
2MHc
〈Hc | T |Hc〉 . (10)
For small x, i.e. large energy release, the transition operator T can then be expanded by an OPE
[18]. The result is a series
T = T0 + T2 + T3 + T4 + . . . , (11)
where Tn denotes the 1/mnc suppressed part of T . The leading term T0 =
∑
c
(f)
3 c¯c describes the
free charm decay. Here, no nonperturbative contributions are present, since the hadronic matrix
element 〈Hc | c¯c |Hc〉 = 1 + O
(
1
/
m2c
)
is trivial. The corresponding Wilson coefficients c
(f)
3 have
been determined for b decays in Ref. [55] and can be easily adjusted to the charm sector. To this
order, the lifetimes of all weakly decaying charmed hadrons are equal. We observe that no T1 term
is present, because the contribution of the respective operator c¯i /Dc can be incorporated in the
leading term T0 by application of the equations of motion. The 1/m2c -suppressed part takes the
form [14]
1
2MHc
〈Hc | T2 |Hc〉 =
∑
c
(f)
3
µ2G(Hc)− µ2pi(Hc)
2m2c
+
∑
2c
(f)
5
µ2G(Hc)
m2c
, (12)
where the first term originates from the heavy quark effective theory (HQET) expansion of the
dimension-3 matrix element 〈Hc | c¯c |Hc〉. The hadronic parameters µ2pi(Hc) and µ2G(Hc) are the
matrix elements of the kinetic and chromomagnetic operators, respectively. To this order, lifetime
differences between charmed mesons only arise through SU(3) flavor breaking of the hadronic
matrix elements. The dominant contributions originate at order 1/m3c from the Pauli interference
and weak annihilation diagrams shown in Fig. 3. They describe 2→ 2 instead of 1→ 3 processes,
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FIG. 3: Spectator contributions to the lifetimes of charmed hadrons.
and hence are phase-space enhanced by a factor of 16π2. We neglect further contributions of order
1/m3c that lack this enhancement. We decompose the 1/mc
3 part of the transition operator as
T3 = T PI3 + T WA03 + T WA+3 + T sing3 . (13)
The contribution T sing3 arises from strong interactions of the free quark decay with the spectator
quark of the type shown in Fig. 4. The effect of T sing3 cancels in the considered lifetime ratios
c c
q¯ q¯
FIG. 4: Sample diagram for T sing3 .
in the limit of SU(3) flavor symmetry since the corresponding dimension-6 operators are SU(3)
flavor singlets. The remaining terms are
T PI3 =
G2Fm
2
c
6π
∑
d′=d,s
∑
q=d,s
|Vcq|2|Vud′ |2
(
F quQd
′
+ F quS Q
d′
S +G
quT d
′
+GquS T
d′
S
)
,
T WA03 =
G2Fm
2
c
6π
∑
q=d,s
∑
q′=d,s
|Vcq|2|Vuq′ |2
(
F qq
′
Qu + F qq
′
S Q
u
S +G
qq′T u +Gqq
′
S T
u
S
)
,
T WA+3 =
G2Fm
2
c
6π
∑
s′=d,s
|Vcs′ |2
[ ∑
q′=d,s
|Vuq′ |2
(
F˜ uq
′
Qs
′
+ F˜ uq
′
S Q
s′
S + G˜
uq′T s
′
+ G˜uq
′
S T
s′
S
)
+
∑
l=e,µ
(
F˜ νlQs
′
+ F˜ νlS Q
s′
S + G˜
νlT s
′
+ G˜νlS T
s′
S
)]
.
(14)
The label qq′ in F qq
′
, . . . , Gqq
′
S refers to the flavors of the quarks in the qq
′ loop in Fig. 3. The
Wilson coefficients F,G are functions of the mass ratio z = m2s/m
2
c and µ0/mc, where µ0 denotes
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the renormalization scale for ∆C = 0 operators. These dimension-6 operators read as follows:
Qq = c¯γµ(1− γ5)q q¯γµ(1− γ5)c, QqS = c¯(1− γ5)q q¯(1 + γ5)c,
T q = c¯γµ(1− γ5)T aq q¯γµ(1− γ5)T ac, T qS = c¯(1− γ5)T aq q¯(1 + γ5)T ac.
(15)
The LO Wilson coefficients F qq
′
, . . . , Gqq
′
S for B mesons can be found in Refs. [56, 57]. The NLO
QCD corrections have been computed in Refs. [23, 43]. The Wilson coefficients F˜ qq
′
, . . . , G˜qq
′
S for
WA+ have been calculated at LO QCD for the Bc meson in Ref. [58]. The NLO corrections for
the nonleptonic WA+ can be determined from the published results via a Fierz transformation of
the ∆C = 1 operators given in Eq. (8). With our choice of evanescent operators [53], the Fierz
symmetry is respected at the one-loop level. This allows us to obtain the following relation between
Wilson coefficients, that holds up to NLO:
(
F˜ ud, F˜ udS , G˜
ud, G˜udS
)
=
(
F sd, F sdS , G
sd, GsdS
)
(C1 ↔ C2,ms = 0), (16)
where C1, C2 are the Wilson coefficients of the respective ∆C = 1 operator. The NLO coefficients
for the semileptonic weak annihilation F˜ νl, . . . , G˜νlS have been computed for the first time and are
given in Appendix A.
The subleading 1/m4c contribution of the HQE is expected to be sizeable in the charm sector. It
furthermore provides a crucial test of the convergence properties of the expansion. This contribu-
tion is the leading correction in an expansion of the spectator effects in the momentum and mass
of the spectator quark. Applying the same decomposition as for T3, we find
T PI4 =
G2Fm
2
c
6π
∑
d′=d,s
∑
q=d,s
|Vcq|2|Vud′ |2
6∑
i=1
(
gqui P
d′
i + h
qu
i S
d′
i
)
,
T WA04 =
G2Fm
2
c
6π
∑
q=d,s
∑
q′=d,s
|Vcq|2|Vuq′ |2
6∑
i=1
(
gqq
′
i P
u
i + h
qq′
i S
u
i
)
,
T WA+4 =
G2Fm
2
c
6π
∑
s′=d,s
|Vcs′ |2
6∑
i=1
[ ∑
q=d,s
|Vuq′ |2
(
g˜uq
′
i P
s′
i + h˜
uq′
i S
s′
i
)
+
∑
l=e,µ
(
g˜νli P
s′
i + h˜
νl
i S
s′
i
)]
.
(17)
The dimension-7 operators and Wilson coefficients are given in Appendix B. For the case of QCD
operators (see the discussion at the end of this section) this contribution has previously been de-
termined in Ref. [59] using a different operator basis.
A comment about the T5 term is in order. In addition to the kinetic corrections, there is also
a chromomagnetic contribution to the spectator effects. The kinetic corrections can be computed
9
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FIG. 5: Sample diagram for the chromomagnetic contribution to the spectator corrections of
order 1/m5c in the HQE.
Dq Dq
c
q¯
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(a) Standard contraction
Dq Dq
c
q¯
c
q¯, q¯′
(b) Penguin/Eye contraction
FIG. 6: Relevant Feynman diagrams for the nonperturbative matrix elements of D mesons.
in the same fashion as for T4 and are found to be numerically unimportant. The chromomagnetic
effects of the form shown in Fig. 5 can, however, not be estimated in the vacuum saturation
approximation (VSA) [60]. But if these contributions are not severely enhanced compared to the
kinetic effects, the HQE can be truncated to good approximation after the T4 term.
As stressed in Refs. [43, 61], the two possible contractions shown in in Fig. 6 have to be con-
sidered when computing the matrix elements of the dimension-6 operators (c¯Γiq) (q¯Γ
′
ic) on the
lattice. The eye contraction diagram induces mixing of the renormalized dimension-6 operators
into lower-dimensional operators. The required power subtraction of this mixing poses consider-
able challenges for lattice computations. We therefore distinguish between these two contributions
in our parametrization of hadronic matrix elements in Appendix C. Such mixing also occurs in
T sing at O(αs) in perturbation theory. For dimensional reasons, this mixing has to be of the form
∝ αs(mc)m3c(c¯c). In QCD, a perturbative subtraction of this term is necessary as discussed in Ref.
[22]. A NLO computation of T sing has not been performed so far and is also beyond the scope of
this work. Yet, in the ratio τ(D+)/τ(D0), the contribution of T sing and the eye contraction cancel
due to isospin symmetry. Unfortunately, the deviations from exact SU(3) flavor symmetry are too
large in τ(D+s )/τ(D
0) to be ignored. For the analysis of τ(D+s )/τ(D
0), we thus match the QCD
operators to HQET operators, where the natural cutoff due to the limit mc → ∞ guarantees the
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absence of mixing with lower-dimensional operators in perturbation theory [22, 43, 61]. A HQET
description of operators, however, affects the subleading 1/mc corrections, because the QCD op-
erators c¯Γq q¯Γc coincide with the respective HQET operators only up to 1/mc corrections. The
expansion of the QCD operators in HQET yields
c¯Γq q¯Γc = h¯vΓq q¯Γhv +
1
2mc
[
h¯v
(
−i←−/D
)
Γq q¯Γhv + h¯vΓq q¯Γ
(
i /D
)
hv
]
+O
(
1
m2c
)
. (18)
The operators arising this way are P q5,6 and S
q
5,6 in Eq. (B1). The respective terms are absent in
QCD when the hadronic matrix elements are determined to all orders in 1/mc.
IV. PHENOMENOLOGY
We perform an analysis of the lifetime ratios τ(D+)/τ(D0) and τ(D+s )/τ(D
0). Since the pole
mass definition contains an infrared renormalon ambiguity [62, 63], we use the MS in addition to
the pole mass scheme. In the MS scheme, we use z = m2s(mc)/m
2
c(mc). As discussed in detail in
Ref. [23], this sums up terms of the form αns (µ1)z ln
n z to all orders in perturbation theory.
A. The ratio τ(D+)/τ(D0)
We determine the ratio τ(D+)/τ(D0), first using QCD operators, and then briefly discuss the
HQET case. Isospin symmetry implies the following relations:〈
D0
∣∣∣∣ ( ~Q, ~P , ~S)u,d
∣∣∣∣D0
〉
2MD0
=
〈
D+
∣∣∣∣ ( ~Q, ~P , ~S)d,u
∣∣∣∣D+
〉
2MD+
,〈
D0
∣∣∣ ( ~Q, ~P , ~S)s ∣∣∣D0〉
2MD0
=
〈
D+
∣∣∣ ( ~Q, ~P , ~S)s ∣∣∣D+〉
2MD+
.
(19)
From Eqs. (14), (17) and (C1),(C2), we obtain τ(D+)/τ(D0):
Γ(D0)− Γ(D+) = G
2
Fm
2
c
12π
f2DMD
[(
~F s
′d′ − |Vud|2 ~F s′u
)
· ~B
+
MD −mc
mc
(
~f s
′d′ − |Vud|2 ~f s′u
)
·~b
]
.
(20)
For brevity, we have introduced the vector notation
~F qq
′
=


F qq
′
F qq
′
S
Gqq
′
Gqq
′
S


, ~B =


B1
B2
ǫ1
ǫ2


, ~f qq
′
=


gqq
′
3
gqq
′
4
hqq
′
3
hqq
′
4


, ~b =


−ρ3
ρ4
−σ3
σ4


. (21)
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The NLO QCD correction to ~F ss has not been determined. Following Ref. [23], we thus set
|Vud|2 = 1 and Vus = 0 in the NLO term. The induced error is of order |Vus|2αs(mc)z log z, which
is of order 10−3 and thus negligible. Furthermore, the Cabibbo and chirality-suppressed weak
annihilation contribution to D+ is neglected. The matrix elements of the ∆C = 1 operators can
be estimated within the VSA [60]. The uncertainties are expected to be of order 1/NC , although
calculations in the B sector [61, 64, 65] hint at much smaller errors for the color octet operators.
Thus, using
(B1, B2, ǫ1, ǫ2) =
(
1± 1
3
,
(
1 + 2
MD −mc
mc
)(
1± 1
3
)
, 0± 1
10
, 0± 1
10
(
1 + 2
MD −mc
mc
))
,
(ρ3, ρ4, σ3, σ4) =
(
1± 1
3
, 1± 1
3
, 0± 1
10
, 0± 1
10
)
,
(22)
we obtain in the pole and MS mass schemes with the input parameters given in Tab. I:
(
τ(D+)
τ(D0)
)
exp
= 2.536 ± 0.019,
(
τ(D+)
τ(D0)
)
pole,VSA
= 1.9± 1.7(hadronic) +0.6 (scale)−1.5 ± 0.0(parametric),(
τ(D+)
τ(D0)
)
MS,VSA
= 2.2 ± 1.7(hadronic) +0.3 (scale)−0.7 ± 0.1(parametric).
(23)
We have varied µ0 and µ1 from 1 GeV to 2mc. We do not use the full region 0.5mQ−2mQ common
in B decays, because we do not trust perturbation theory to hold below about 1 GeV. The overall
error is largely driven by hadronic uncertainties. The size of the subleading 1/mc corrections
relative to the leading spectator effects is an important check on the convergence behavior. We
find that
Γ
(0)
4 (D
0)− Γ(0)4 (D+)
Γ
(0)
3 (D
0)− Γ(0)3 (D+)
≈ −50%, (24)
which is large, but compatible with a convergent series. The 1/m5c term should be numerically less
relevant, as discussed in Sec. III. Next-to-leading-order QCD corrections to T3 are at a level of
below 30% near the charm scale.
The predictive power of the VSA is very limited. In the following, we perform a very aggressive
estimation of τ(D+)/τ(D0) by extracting the bag parameters from a lattice calculation in the B
sector [61] and ignore any possible systematic uncertainties related with this approach. We extract
the bag parameters for a meson mass of mP = 1.8 GeV and a hadronic scale µ0 = 2.7 GeV from
Ref. [61] and evaluate this to the charm scale µ0 = mc at NLO. The required anomalous dimension
12
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FIG. 7: τ(D+)/τ(D0) in the pole and MS mass scheme plotted over the scale µ1. The black
horizontal line shows the experimental value, and the solid (dashed) line the NLO (LO)
prediction using the matrix elements extracted from Ref. [61]. The hatched and shaded regions
show the theoretical uncertainties for the VSA and the extracted values, respectively. The dotted
vertical line marks the lower limit µ1 = 1 GeV of the region in which we vary the renormalization
scale for the numerical evaluations.
matrices can be inferred from Ref. [66]. This reduces the hadronic uncertainty considerably:
(
τ(D+)
τ(D0)
)
pole, extr. from [61]
= 1.9± 0.5(hadronic) +0.6 (scale)−1.4 ± 0.0(parametric),(
τ(D+)
τ(D0)
)
MS, extr. from [61]
= 2.2± 0.4(hadronic) +0.3 (scale)−0.7 ± 0.0(parametric).
(25)
The dependence on the renormalization scale of the ∆C = 1 operators is illustrated in Fig. 7. It is
dominated by the scale dependence of the subleading dimension-7 contributions, because they are
only evaluated at LO QCD. Also, the difference between the expectation values in the pole mass
and MS mass scheme originates dominantly from Γ4. The µ1 dependence of Fig. 7 suggests that
perturbation theory becomes unreliable at about 1 GeV, but it seems to be under control at the
charm threshold. We see a substantial reduction of the theoretical uncertainties from the VSA to
the extracted matrix elements. The equality of the central values is coincidental.
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In HQET, we get an expression similar to Eq. (20) for τ(D+)/τ(D0):
Γ(D0)− Γ(D+) = G
2
Fm
2
c
12π
f2DMD
[(
~F s
′d′ − |Vud|2 ~F s′u − |Vcd|2
(
~F ud
′
+ ~F νe + ~F νµ
))
· ~B
+
MD −mc
mc
6∑
j=3
(−1)j
[ (
gs
′d′
j − |Vud|2gs
′u
j − |Vcd|2
(
gud
′
j + g
νe
j + g
νµ
j
))
ρj
+ (gj → hj , ρj → σj)
]]
,
(26)
where ~F and ~B are defined as before and we have set mu = md = 0. The non-Cabibbo-suppressed
δ’s cancel in the difference |Vud|2
(
~F sd − ~F su
)
because of isospin symmetry. We neglect the re-
maining ones because of Cabibbo suppression. In the VSA, we obtain(
τ(D+)
τ(D0)
)
pole,VSA
= 2.4± 2.0(hadronic) +0.3 (scale)−0.8 ± 0.0(parametric),(
τ(D+)
τ(D0)
)
MS,VSA
= 2.6 ± 1.9(hadronic) +0.2 (scale)−0.5 ± 0.1(parametric).
(27)
The sizeable differences between the HQET and the QCD results in the VSA seem puzzling at
first, but we have to remember that the matrix elements are defined in a different scheme. The
transformation law for the dimension-6 Wilson coefficients is given in Refs. [23, 43]. We have
checked explicitly that this relation holds for our numerical coefficients, if in HQET we neglect weak
annihilation inD+ and set |Vud|2 = 1, Vus = 0 at NLO as we have in QCD. This scheme dependence
is canceled by the scheme dependence of the operators. The VSA is, however, not sensitive to the
scheme, and the numerical deviation between Eqs. (23) and (27) is just a consequence of this. This
once more emphasizes the dire need for lattice inputs for the matrix elements.
B. The ratio τ(D+s )/τ(D
0)
Since SU(3) flavor symmetry is rather crude in the case of τ(D+s )/τ(D
0), the contributions of
T sing and the eye contraction do not fully cancel as was the case in τ(D+)/τ(D0). We hence use
only HQET operators in the following analysis. The dominant sources for the lifetime difference
between these mesons have been identified in Ref. [45]. We further include (e), which could possibly
contribute at the level of a few percent.
(a) The decay D+s → τ+ν.
(b) SU(3) flavor breaking in µ2pi and µ
2
G.
(c) The weak annihilation in D0 and D+s .
(d) The Cabibbo-suppressed Pauli interference in D+s .
14
(e) SU(3) flavor breaking in the nonvalence part of the cd¯ Pauli interference.
The first effect (a) cannot be properly dealt with in the HQE, because the energy release in
D+s → τ+ν is just ∼ 200 MeV. Instead, we define a subtracted D+s lifetime by
τ(D+s ) =
τ(D+s )
1− Br(D+s → τ+ν)
= (529± 8) · 10−15 s (28)
and compare our prediction with τ(D+s )/τ(D
0).
SU(3) flavor breaking in τ (D+s ) /τ
(
D0
)
arises at order (Λ/mc)
2 in the HQE. We follow Ref. [67]
to extract the corresponding matrix elements of the dimension-5 operators from experimental data.
The expectation value µ2G of the chromomagnetic operator can be extracted from the hyperfine
splitting. We find, using the meson masses given in Ref. [27],
µ2G(D
+
s )
µ2G(D
0)
≃ MD+∗s −MD+s
MD0∗ −M0D
= 1.012 ± 0.003. (29)
The effects of 1/mc corrections should cancel to a large extent in the ratio in Eq. (29). Regarding
the overall uncertainties, this effect can safely be neglected. The situation in the case of the kinetic
operator is less clear. Yet we can estimate the difference µ2pi(Ds) − µ2pi(D) from spectroscopy. We
obtain
µ2pi(Ds)− µ2pi(D0) ≃
2mbmc
mb −mc
[(
〈MD+s 〉 − 〈MD0〉
)
− (〈MB0s 〉 − 〈MB+〉)
]
= (0.07 ± 0.01) GeV2,
(30)
where
〈MD〉 = 1
4
(MD + 3MD∗) . (31)
Equation (30) holds up to relative 1/mc and 1/mb corrections, which do not cancel here. Including
the higher-order effects, we expect up to [67]
µ2pi(D
+
s )− µ2pi(D0) ∼ 0.1 GeV2, (32)
which corresponds to about 25% SU(3) flavor breaking in µ2pi. Fortunately, this effect can be
included at NLO independent of the coefficients cf5 :
(
τ(D+s )
τ(D0)
− 1
)
(b)
=
G2Fm
5
c
192π3
∑
f
|VCKM|2
[
cf3
µ2pi(D
+
s )− µ2pi(D0)
2m2c
+ (cf3 + 4c
f
5 )
µ2G(D
0)− µ2G(D+s )
2m2c
+O
(
1
m3c
)]
· τ(D+s )
(33)
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Numerically, we find
(
τ(D+s )
τ(D0)
− 1
)
(b)
=


(
0.19+0.04−0.03
) µ2pi(D+s )−µ2pi(D0)
GeV2
, pole mass scheme(
0.16+0.03−0.02
) µ2pi(D+s )−µ2pi(D0)
GeV2
, MS mass scheme
(34)
which enhances τ(D+s )/τ(D
0) by 2% for µ2pi(D
+
s )− µ2pi(D0) = 0.1 GeV2.
The weak annihilation effects (c) are Cabibbo leading, but do suffer from chirality suppression.
Chirality breaking stems from final-state masses and QCD effects. Since the mass ratio z = m2s/m
2
c
is rather small, the NLO corrections to the Wilson coefficients are very important here to obtain
a meaningful result. The weak annihilation contributions are given by
[
Γ(D0)− Γ(D+s )
]
WA(D+s )
= −G
2
Fm
2
c
12π
f2DsMDs |Vcs|2
[(
~˜F ud
′
+ ~˜F νe + ~˜F νµ
)
·
(
~Bs +∆~δ
)
+
6∑
j=1
Mj
[(
gs
′u
j + g
νe
j + g
νµ
j
) (
ρsj +∆δρ,j
)
+
(
hs
′u
j + h
νe
j + h
νµ
j
) (
σsj +∆δσ,j
)] ] (35)
for D+s and
[
Γ(D0)− Γ(D+s )
]
WA(D0)
=
G2Fm
2
c
12π
f2DMD
[
~˜F s
′d′ ·
(
~Bu + ∆˜~δ
)
+
6∑
j=1
Mj
[
gs
′d′
j
(
ρuj + ∆˜δρ,j
)
+ hs
′d′
j
(
σuj + ∆˜δσ,j
)]] (36)
for D0. We have introduced the following notation:
Mj =


−ms
mq
, j = 1, 2,
(−1)j MDs−mc
mc
, j = 3, 4,
(−1)j MDs−mc−ms
mc
, j = 5, 6.
(37)
The δqq
′
i only enter in the SU(3)-breaking combinations
∆~δ(ρ,σ) = ~δ
ss
(ρ,σ) −
f2DMD
f2DsMDs
~δus(ρ,σ), ∆˜
~δ(ρ,σ) = ~δ
uu
(ρ,σ) −
f2DsMDs
f2DMD
~δsu(ρ,σ). (38)
These weak annihilation contributions depend strongly on the amount of chirality breaking through
the matrix elements. Here, the VSA is far too crude, and we thus estimate this using experimental
results for semileptonic rates similar to the study in Ref. [68]. They allow a very clean extraction
of the chirality-breaking combinations B1−B2 and ǫ1−ǫ2. The experimental average for the ratios
of semileptonic rates is
Γ(D+s → Xe+ν)
Γ(D0 → Xe+ν)
∣∣∣∣
[27]
= 0.821 ± 0.054. (39)
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FIG. 8: Contour plot of
∣∣∣∣(Γsl(D+s )Γsl(D0)
)
theory
−
(
Γsl(D
+
s )
Γsl(D0)
)
exp
∣∣∣∣
/(
∆Γsl(D
+
s )
Γsl(D0)
)
exp
over the
chirality-breaking combinations ǫs1 +∆δ3 − ǫs2 −∆δ4 and Bs1 +∆δ1 −Bs2 −∆δ2 in the pole and
MS mass schemes. The contours correspond to the 1, 2, . . . σ regions. The black dot marks the
VSA point. We used ∆µ2pi ≡ µ2pi(D+s )− µ2pi(D0) = 0.1 in the T2 contribution. The red region
indicates the matrix element space we use for further evaluation of τ(D+s )/τ(D
0).
The difference of the semileptonic rates arises first at order 1/m2c in the HQE because of SU(3)
flavor breaking. The dominant effect, however, is due to the semileptonic weak annihilation at
order 1/m3c and higher in the HQE. In terms of the required matrix elements, we obtain in the MS
mass scheme
Γ(D+s → Xe+ν)
Γ(D0 → Xe+ν)
∣∣∣∣
MS
=1 + (0.25 ± 0.03) µ
2
pi(D
+
s )− µ2pi(D0)
GeV2
− (7.10 ± 1.23) (Bs1 +∆δ1 −Bs2 −∆δ2)− (2.56 ± 1.10) (ǫs1 +∆δ3)
+ (2.38 ± 1.05) (ǫs2 +∆δ4) + 0.51ρs1 + 0.51ρs2 − 4.48ρs3 + 1.73ρs5 + 1.73ρs6.
(40)
Setting all ρsi equal to 1 (VSA), we obtain the constraints illustrated in Fig. 8
Bs1 +∆δ1 −Bs2 −∆δ2 = 0.032 − 0.350 (ǫs1 +∆δ3 − ǫs2 −∆δ4)± 0.013,
B1 +∆δ1 +B2 +∆δ2
2
= 1± 1/3,
ǫs1 +∆δ3 − ǫs2 −∆δ4 = 0± 0.05,
ǫs1 +∆δ3 + ǫ
s
2 +∆δ4 = 0± 0.05.
(41)
For the D0 weak annihilation, we also reduce the parameter space to
B1 + ∆˜δ1 +B2 + ∆˜δ2
2
= 1± 1
3
, B1 + ∆˜δ1 −B2 − ∆˜δ2 = 0± 0.1,
ǫ1 + ∆˜δ3 + ǫ2 + ∆˜δ4
2
= 0± 0.05, ǫ1 + ∆˜δ3 − ǫ2 − ∆˜δ4 = 0± 0.05,
(42)
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which is justified by the assumptions that the δs are small and approximate SU(3) flavor symmetry.
Numerically, we obtain for the weak annihilation in D+s
(
τ(D+s )
τ(D0)
− 1
)
WA(D+s )
=


0.12 ± 0.06(hadronic) ± 0.02(scale) ± 0.00(parametric), pole mass scheme
0.12 ± 0.06(hadronic) ± 0.01(scale) ± 0.00(parametric), MS mass scheme
(43)
and for the weak annihilation in D0
(
τ(D+s )
τ(D0)
− 1
)
WA(D0)
=


−0.01 ± 0.08(hadronic) ± 0.00(scale) ± 0.00(parametric), pole mass scheme
−0.01 ± 0.08(hadronic) ± 0.00(scale) ± 0.00(parametric), MS mass scheme
.
(44)
The contribution (d) from Pauli interference in D+s is Cabibbo-suppressed and should therefore
only affect the lifetime difference at the order of a few percent. It is given by
[
Γ(D0)− Γ(D+s )
]
PI
= −G
2
Fm
2
c
12π
f2DsMDs |Vud|2
[
~F s
′u ·
(
~Bs +∆~δ
)
+
6∑
j=1
Mj
[
gs
′u
j
(
ρsj +∆δρ,j
)
+ hs
′u
j
(
σsj +∆δσ,j
)] ]
.
(45)
This yields
(
τ(D+s )
τ(D0)
− 1
)
(d)
=


0.04± 0.05(hadronic) +0.03 (scale)−0.02 ± 0.00(parametric), pole mass scheme
0.06± 0.05(hadronic) +0.02 (scale)−0.02 ± 0.00(parametric), MS mass scheme
. (46)
The effect (e) could possibly yield a small contribution because the non-Cabibbo-suppressed Pauli
interference is large. We obtain
[
Γ(D0)− Γ(D+s )
]
(e)
=
G2Fm
2
c
12π
f2DMD
[
~F s
′u ·
(
~δud − f
2
Ds
MDs
f2DMD
~δsd
)
+
6∑
j=1
Mj
[
gs
′u
j
(
δudρ,j −
f2DsMDs
f2DMD
δsdρ,j
)
+ hs
′u
j
(
δudσ,j −
f2DsMDs
f2DMD
δsdσ,j
)]]
.
(47)
Since nothing is known about the δ’s, we can only give a crude estimate about the size of this
contribution. If we set δud1 = δ
sd
1 = 0.01 and all other δ’s to zero, we obtain
[
τ(D+s )/τ(D
0)− 1]
(e)
=
0.007. We do not expect a much larger effect, but at present it can also not be excluded, and
we hence introduce an additional hadronic uncertainty of 0.05. The combination of the various
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contributions yields(
τ(D+s )
τ(D0)
)
exp
= 1.289 ± 0.019,
(
τ(D+s )
τ(D0)
)
pole
= 1.18 ± 0.13(hadronic) +0.04 (scale)−0.05 ± 0.01(parametric),(
τ(D+s )
τ(D0)
)
MS
= 1.19 ± 0.12(hadronic) +0.04 (scale)−0.04 ± 0.01(parametric).
(48)
The theory prediction falls a bit short of the experimental value, but within the theory uncertainty
it is well consistent.
V. CONCLUSION
In this work, we investigated the validity of the HQE in the charm sector using D-meson
lifetimes. In the B sector the HQE is well tested, but doubts about the validity of the 1/mc
expansion have often been voiced. Because mc ≈ mb/3, the convergence behavior of the HQE
is obviously slower than for B hadrons. Therefore, we have considered subleading corrections in
the 1/mc expansion as well as NLO QCD corrections. For τ(D
+)/τ(D0), we found very good
agreement with experimental data:(
τ(D+)
τ(D0)
)
exp
= 2.536 ± 0.019,
(
τ(D+)
τ(D0)
)
MS, extr. from [61]
= 2.2 ± 0.4(hadronic) +0.3 (scale)−0.7 ± 0.0(parametric).
(49)
However, an update of hadronic ∆C = 0 matrix elements is direly needed given the advances
lattice QCD has made in the past decade. For the ∆C = 2 matrix elements required in D0 −D0
mixing, such a computation has recently been performed with high accuracy in Ref. [69]. We
estimate that the remaining scale dependence could be considerably reduced by a NLO calculation
of the dimension-7 Wilson coefficients. However, this is only worthwhile if simultaneous progress
on dimension-7 matrix elements is made.
The low-momentum release decay D+s → η′(958)ρ+ poses a potential threat to the HQE description
of the D+s lifetime. Thus, we would expect a possible failure of the HQE to be most apparent here.
We found that the HQE result for the D+s −D0 lifetime ratio falls slightly short of the experimental
value, but it is consistent within hadronic uncertainties:(
τ(D+s )
τ(D0)
)
exp
= 1.289 ± 0.019,
(
τ(D+s )
τ(D0)
)
MS
= 1.19 ± 0.12(hadronic) +0.04 (scale)−0.04 ± 0.01(parametric).
(50)
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Presently, however, this does not exclude possible large violations of the HQE. A nonperturbative
determination of the hadronic matrix elements could provide a more stringent upper bound. In
addition, this would offer the unique possibility to use semileptonic decays, where the momentum
release is large, to extract information on the nonvalence contractions. This is not possible in B
decays, because the semileptonic weak annihilation is doubly CKM suppressed and the difference
of the semileptonic widths is too small to be measured experimentally.
The subleading corrections to the lifetimes are large (≈ 30% QCD, ≈ 50% 1/mc), but still allow a
description within the realm of perturbation theory. Similar behavior was found in an earlier study
of D0−D0 mixing [28]. The analysis of the µ1 dependence of our results suggests that perturbation
theory breaks down below about 1 GeV but still works at the charm scale. In combination with
the intriguing agreement of the standard-model HQE prediction for ∆Γs with experiment in spite
of the small momentum release, this justifies confidence in the validity of the HQE. Still, lattice
inputs are crucial to confirming this view.
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Appendix A: NLO Wilson coefficients for the semileptonic weak annihilation
We decompose the Wilson coefficients as
F qq
′
= F qq
′,(0) +
αs
4π
F qq
′,(1), . . . (A1)
The Wilson coefficients for the semileptonic weak annihilation in the scheme of Ref. [43] read
F˜ νµ,(0)(z) = −(1− z)2
(
1 +
z
2
)
, F˜
νµ,(0)
S (z) = (1− z)2 (1 + 2z) ,
G˜νµ,(0)(z) = 0, G˜
νµ,(0)
S (z) = 0,
(A2)
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and
F˜ νµ,(1)(z) =
4
3
(1− z)2(2 + z)
[
4 + 3 log
(
µ0
mc
)]
,
F˜
νµ,(1)
S (z) = −
8
3
(1− z)2
[
4 + 5z + 3(1 + 2z) log
(
µ0
mc
)]
,
G˜νµ,(1)(z) =
1
18
[
(1− z)(−205 − 7z + 110z2)− 6z2(6 + 11z) log(z)]
− 3(1− z)2(2 + z)
[
log
(
µ0
mc
)
− log(1− z)
]
,
G˜
νµ,(1)
S (z) =
1
9
(1− z)(95 + 104z − 211z2)− 4
3
z2(12− 11z) log(z)
+ 6(1− z)2(1 + 2z)
[
log
(
µ0
mc
)
− log(1− z)
]
,
(A3)
where z = m2µ/m
2
c . Note that our convention for the Wilson coefficients differs from that of Ref.
[43] by a factor of 3. The details of the calculation have been described in Refs. [23, 43]. We have
checked the correctness of these coefficients against intermediate results from the computation in
Ref. [23] kindly made available to us by Ulrich Nierste.
Appendix B: Operator basis and Wilson coefficients for dimension seven
We use the following basis for the dimension-7 operators
P q1 =
mq
mc
c¯(1− γ5)q ⊗ q¯(1− γ5)c, P q2 =
mq
mc
c¯(1 + γ5)q ⊗ q¯(1 + γ5)c,
P q3 =
1
m2c
c¯
←−
Dργµ(1− γ5)Dρq ⊗ q¯γµ(1− γ5)c,
P q4 =
1
m2c
c¯
←−
Dρ(1− γ5)Dρq ⊗ q¯(1 + γ5)c,
P q5 =
1
mc
c¯γµ(1− γ5)q q¯γµ(1 − γ5)
(
i /D
)
c,
P q6 =
1
mc
c¯(1− γ5)q q¯(1 + γ5)
(
i /D
)
c.
(B1)
The Sqi are the corresponding color octet operators obtained by inserting T
A in the two currents
of the respective color singlet operators. As discussed at the end of Sec. III, the operators P q5,6
and Sq5,6 only occur in HQET and are absent if we use QCD operators. We decompose the Wilson
coefficients for dimension seven defined in Eq. (17) as
gqq
′
i = C
2
1g
qq′,(0)
i,11 + C1C2g
qq′,(0)
i,12 + C
2
2g
qq′,(0)
i,22 +O(αs). (B2)
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As results for the LO coefficients we obtain
1
3
g
sd,(0)
1,11 (z) =
1
2
g
sd,(0)
1,12 (z) = 3g
sd,(0)
1,22 (z) =
1
2
h
sd,(0)
1,22 (z) = −(1− z)2(1 + 2z),
1
3
g
sd,(0)
2,11 (z) =
1
2
g
sd,(0)
2,12 (z) = 3g
sd,(0)
2,22 (z) =
1
2
h
sd,(0)
2,22 (z) = −(1− z)2(1 + 2z),
1
3
g
sd,(0)
3,11 (z) =
1
2
g
sd,(0)
3,12 (z) = 3g
sd,(0)
3,22 (z) =
1
2
h
sd,(0)
3,22 (z) = 2(1− z)
(
1 + z + z2
)
,
1
3
g
sd,(0)
4,11 (z) =
1
2
g
sd,(0)
4,12 (z) = 3g
sd,(0)
4,22 (z) =
1
2
h
sd,(0)
4,22 (z) = −12z2(1− z),
1
3
g
ss,(0)
1,11 (z) =
1
2
g
ss,(0)
1,12 (z) = 3g
ss,(0)
1,22 (z) =
1
2
h
ss,(0)
1,22 (z) = −
√
1− 4z(1 + 2z),
1
3
g
ss,(0)
2,11 (z) =
1
2
g
ss,(0)
2,12 (z) = 3g
ss,(0)
2,22 (z) =
1
2
h
ss,(0)
2,22 (z) = −
√
1− 4z(1 + 2z),
1
3
g
ss,(0)
3,11 (z) =
1
2
g
ss,(0)
3,12 (z) = 3g
ss,(0)
3,22 (z) =
1
2
h
ss,(0)
3,22 (z) =
2√
1− 4z [1− 2z(1 + z)] ,
1
3
g
ss,(0)
4,11 (z) =
1
2
g
ss,(0)
4,12 (z) = 3g
ss,(0)
4,22 (z) =
1
2
h
ss,(0)
4,22 (z) = −
24z2√
1− 4z ,
6g
su,(0)
3,11 (z) = g
su,(0)
3,12 (z) = 6g
su,(0)
3,22 (z) = h
su,(0)
3,11 (z) = h
su,(0)
3,22 (z) = 12(1 − z)(1 + z),
h
sd,(0)
i,11 = h
sd,(0)
i,12 = h
ss,(0)
i,11 = h
ss,(0)
i,12 = 0,
g
su,(0)
1,ij = g
su,(0)
2,ij = g
su,(0)
4,ij = h
su,(0)
1,ij = h
su,(0)
2,ij = h
su,(0)
4,ij = h
su,(0)
3,12 = 0.
(B3)
The coefficients g
ds,(0)
i,jk are identical to g
sd,(0)
i,jk because of the symmetry under interchange of the
masses in the loops, and g
dd,(0)
i,jk and g
du,(0)
i,jk follow by setting z = 0 in g
sd,(0)
i,jk and g
su,(0)
i,jk respectively.
As with the dimension-6 operators, the coefficients of the weak annihilation in D+(s) with quarks
in the loop are identical to those of the weak annihilation in D0, when we interchange C1 and C2.
For the semileptonic weak annihilation, we obtain
g˜
νµ,(0)
1 (z) = −(1− z)2(1 + 2z), g˜νµ,(0)2 (z) = −(1− z)2(1 + 2z),
g˜
νµ,(0)
3 (z) = 2(1− z)
(
1 + z + z2
)
, g˜
νµ,(0)
4 (z) = −12z2(1− z),
h˜
νµ,(0)
i (z) = 0,
(B4)
where z = m2µ/m
2
c and the g˜
νe,(0)
i are given by setting z = 0. The additional coefficients that arise
when we use HQET operators are given by the relation
(
g
sq,(0)
5,ij
)
HQET
=
(
F
sq,(0)
ij
)
QCD
,
(
g
sq,(0)
6,ij
)
HQET
=
(
F
sq,(0)
S,ij
)
QCD
,(
h
sq,(0)
5,ij
)
HQET
=
(
G
sq,(0)
ij
)
QCD
,
(
h
sq,(0)
6,ij
)
HQET
=
(
G
sq,(0)
S,ij
)
QCD
.
(B5)
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Appendix C: Parametrization of the matrix elements
We parametrize the matrix elements of the dimension-6 QCD operators following Ref. [23]:
〈
D+
∣∣Qd −Qu ∣∣D+〉
2MD
=
f2DMD
2
B1,
〈
D+
∣∣QdS −QuS ∣∣D+〉
2MD
=
f2DMD
2
B2,〈
D+
∣∣T d − T u ∣∣D+〉
2MD
=
f2DMD
2
ǫ1,
〈
D+
∣∣T dS − T uS ∣∣D+〉
2MD
=
f2DMD
2
ǫ2.
(C1)
For q = u, d, the dimension-7 operators P q1 , P
q
2 , S
q
1 , S
q
2 vanish identically if we neglect the up and
down quark masses. The operators P q5 , P
q
6 , S
q
5 , S
q
6 do not arise in QCD. We choose the following
parametrization for the remaining ones:
〈
D+
∣∣P d3 − P u3 ∣∣D+〉
2MD
= −f
2
DMD
2
MD −mc
mc
ρ3 +O
(
1/m2c
)
,〈
D+
∣∣P d4 − P u4 ∣∣D+〉
2MD
=
f2DMD
2
MD −mc
mc
ρ4 +O
(
1/m2c
)
,〈
D+
∣∣Sd3 − Su3 ∣∣D+〉
2MD
= −f
2
DMD
2
MD −mc
mc
σ3 +O
(
1/m2c
)
,〈
D+
∣∣Sd4 − Su4 ∣∣D+〉
2MD
=
f2DMD
2
MD −mc
mc
σ4 +O
(
1/m2c
)
.
(C2)
This parametrization is inspired by the vacuum saturation approximation (VSA), where B1 = 1,
B2 = 1 + 2 (MD −mc)/mc + O
(
1/m2c
)
, and ǫ1 = ǫ2 = 0 for dimension six, and ρ3 = ρ4 = 1 and
σ3 = σ4 = 0 for dimension seven.
For HQET operators, we use a parametrization following Ref. [43], where the contributions of
valance and nonvalence operators are distinguished explicitly. We parametrize the matrix elements
of the nonvalence operators (q 6= q′) by
〈
Dq
∣∣∣Qq′ ∣∣∣Dq〉
2MDq
=
f2DqMDq
2
δqq
′
1 ,
〈
Dq
∣∣∣Qq′S ∣∣∣Dq〉
2MDq
=
f2DqMDq
2
δqq
′
2 ,〈
Dq
∣∣∣T q′ ∣∣∣Dq〉
2MDq
=
f2DqMDq
2
δqq
′
3 ,
〈
Dq
∣∣∣T q′S ∣∣∣Dq〉
2MDq
=
f2DqMDq
2
δqq
′
4 ,
(C3)
and the matrix elements of the valence operators (q = q′) by
〈Dq |Qq |Dq〉
2MDq
=
f2DqMDq
2
(Bq1 + δ
qq
1 ) ,
〈
Dq
∣∣QqS ∣∣Dq〉
2MDq
=
f2DqMDq
2
(Bq2 + δ
qq
2 ) ,
〈Dq |T q |Dq〉
2MDq
=
f2DqMDq
2
(ǫq1 + δ
qq
3 ) ,
〈
Dq
∣∣T qS ∣∣Dq〉
2MDq
=
f2DqMDq
2
(ǫq2 + δ
qq
4 ) .
(C4)
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In the VSA, we find Bq1 = B
q
2 = 1, while the ǫ
q
1, ǫ
q
2, and all the δ’s vanish. We proceed in the same
way for the dimension-7 matrix elements of nonvalence operators〈
Dq
∣∣∣P q′i ∣∣∣Dq〉
2MDq
= −
f2DqMDq
2
mq′
mc
δqq
′
ρ,i , i = 1, 2〈
Dq
∣∣∣P q′i ∣∣∣Dq〉
2MDq
= (−1)i
f2DqMDq
2
MDq −mc
mc
δqq
′
ρ,i , i = 3, 4〈
Dq
∣∣∣P q′i ∣∣∣Dq〉
2MDq
= (−1)i
f2DqMDq
2
MDq −mc −mq′
mc
δqq
′
ρ,i , i = 5, 6
(C5)
and valence operators
〈Dq |P qi |Dq〉
2MDq
= −
f2DqMDq
2
mq
mc
(
ρqi + δ
qq
ρ,i
)
, i = 1, 2
〈Dq |P qi |Dq〉
2MDq
= (−1)i
f2DqMDq
2
MDq −mc
mc
(
ρqi + δ
qq
ρ,i
)
, i = 3, 4
〈Dq |P qi |Dq〉
2MDq
= (−1)i
f2DqMDq
2
MDq −mc −mq
mc
(
ρqi + δ
qq
ρ,i
)
, i = 5, 6
(C6)
The color octet operators are parametrized by Eqs. (C5) and (C6) with the replacements P → S
and ρ→ σ. This is chosen such that in the vacuum insertion ρqi = 1, and all the σ’s and δ’s vanish.
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Appendix D: Inputs for the numerical evaluation
mc(mc) (1.275± 0.025) GeV [27] MD0 (1864.86± 0.13) MeV [27]
ms(2 GeV) (95± 5) MeV [27] MD+ (1869.62± 0.15) MeV [27]
mb(mb) (4.18± 0.03) GeV [27] MD+
s
(1968.49± 0.32) MeV [27]
αs(MZ) (0.1184± 0.0007) [27] τ(D0) (410.1± 1.5)× 10−15 s [27]
fD (212.7± 3.2) MeV [70] τ(D+) (1040± 7)× 10−15 s [27]
fDs (260.0± 5.4) MeV [27] τ(D+s ) (500± 7)× 10−15 s [27]
|Vus| 0.2252± 0.0009 [27] Br(D0 → Xe+ν) (6.49± 0.11)% [27]
|Vub| (4.15± 0.49)× 10−3 [27] Br(D+ → Xe+ν) (16.07± 0.30)% [27]
|Vcb| (40.9± 1.1)× 10−3 [27] Br(D+s → Xe+ν) (6.5± 0.4)% [27]
δCKM (68
+10
−11)
◦ [27] Br(D+s → τ+ν) (5.43± 0.31)% [27]
mµ 105.658 MeV [27]
TABLE I: Input parameters for the numerical evaluation
[1] I. Bigi, Y. Dokshitzer, V. Khoze, J. Ku¨hn and P. Zerwas, Phys. Lett. B 181 (1986) 157
[2] R. Aaij et al. [LHCb Collaboration], Eur. Phys. J. C 73 (2013) 2373 [arXiv:1208.3355]
[3] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 110, 101802 (2013) [arXiv:1211.1230]
[4] Y. Amhis et al. (Heavy Flavor Averaging Group), arXiv:1207.1158 and online update at
http://www.slac.stanford.edu/xorg/hfag
[5] M. Ciuchini, E. Franco, D. Guadagnoli, V. Lubicz, M. Pierini, V. Porretti and L. Silvestrini,
Phys. Lett. B 655 (2007) 162 [hep-ph/0703204];
E. Golowich, J. Hewett, S. Pakvasa and A. Petrov, Phys. Rev. D 76 (2007) 095009 [arXiv:0705.3650];
C. Chen, Phys. Lett. B 680 (2009) 133 [arXiv:0902.2620];
E. Golowich, J. Hewett, S. Pakvasa and A. Petrov, Phys. Rev. D 79 (2009) 114030 [arXiv:0903.2830];
O. Gedalia, Y. Grossman, Y. Nir and G. Perez, Phys. Rev. D 80 (2009) 055024 [arXiv:0906.1879];
G. Isidori, Y. Nir and G. Perez, Annu. Rev. Nucl. Part. Sci. 60 (2010) 355 [arXiv:1002.0900];
J. I. Aranda, F. Ramirez-Zavaleta, J. J. Toscano and E. S. Tututi, J. Phys. G 38 (2011) 045006
[arXiv:1007.3326]
[6] R. Aaij et al. [LHCb Collaboration], Phys. Rev. Lett. 108 (2012) 111602 [arXiv:1112.0938];
T. Aaltonen et al. [CDF Collaboration], Phys. Rev. Lett. 109 (2012) 111801 [arXiv:1207.2158];
B. Ko et al. [Belle Collaboration], arXiv:1212.1975
25
[7] I. I. Bigi and A. Paul, JHEP 1203 (2012) 021 [arXiv:1110.2862];
G. Isidori, J. F. Kamenik, Z. Ligeti and G. Perez, Phys. Lett. B 711 (2012) 46 [arXiv:1111.4987];
J. Brod, A. L. Kagan and J. Zupan, Phys. Rev. D 86 (2012) 014023 [arXiv:1111.5000];
A. N. Rozanov and M. I. Vysotsky, arXiv:1111.6949;
Y. Hochberg and Y. Nir, Phys. Rev. Lett. 108, 261601 (2012) [arXiv:1112.5268];
H. Cheng and C. Chiang, Phys. Rev. D 85 (2012) 034036 [arXiv:1201.0785];
B. Bhattacharya, M. Gronau and J. L. Rosner, Phys. Rev. D 85, 054014 (2012) [arXiv:1201.2351];
G. F. Giudice, G. Isidori and P. Paradisi, JHEP 1204 (2012) 060 [arXiv:1201.6204];
W. Altmannshofer, R. Primulando, C. Yu and F. Yu, JHEP 1204 (2012) 049 [arXiv:1202.2866];
C. Chen, C. Geng and W. Wang, Phys. Rev. D 85 (2012) 077702 [arXiv:1202.3300];
T. Feldmann, S. Nandi and A. Soni, JHEP 1206 (2012) 007 [arXiv:1202.3795];
H. Li, C. Lu and F. Yu, Phys. Rev. D 86 (2012) 036012 [arXiv:1203.3120];
E. Franco, S. Mishima and L. Silvestrini, JHEP 1205 (2012) 140 [arXiv:1203.3131];
J. Brod, A. L. Kagan and J. Zupan, JHEP 1210 (2012) 161 [arXiv:1203.6659];
G. Hiller, Y. Hochberg and Y. Nir, Phys.Rev. D 85 (2012) 116008 [arXiv:1204.1046];
Y. Grossman, A. L. Kagan and J. Zupan, Phys.Rev. D 85 (2012) 114036 [arXiv:1204.3557];
T. Mannel and N. Uraltsev, JHEP 1303 (2013) 064 [arXiv:1205.0233];
H. Cheng and C. Chiang, Phys. Rev. D86 (2012) 014014 [arXiv:1205.0580];
G. Isidori and J. F. Kamenik, Phys. Rev. Lett. 109 (2012) 171801 [arXiv:1205.3164];
B. Keren-Zur, P. Lodone, M. Nardecchia, D. Pappadopulo, R. Rattazzi and L. Vecchi, Nucl. Phys. B
867 (2013) 394 [arXiv:1205.5803];
R. Barbieri, D. Buttazzo, F. Sala and D. M. Straub, JHEP 1210 (2012) 040 [arXiv:1206.1327];
C. Chen, C. Geng and W. Wang, Phys. Lett. B 718 (2013) 946 [arXiv:1206.5158];
A.J. Bevan et al. [UTfit Collaboration], JHEP 1210 (2012) 068 [arXiv:1206.6245];
C. Delaunay, J. F. Kamenik, G. Perez and L. Randall, JHEP 1301 (2013) 027 [arXiv:1207.0474];
B. Bhattacharya, M. Gronau and J. L. Rosner, arXiv:1207.0761;
J. Lyon and R. Zwicky, arXiv:1210.6546;
D. Atwood and A. Soni, arXiv:1211.1026;
Y. Grossman and D. Robinson, JHEP 1304 (2013) 067 [arXiv:1211.3361];
G. Hiller, M. Jung and S. Schacht, Phys. Rev. D 87 (2013) 014024 [arXiv:1211.3734];
B. Bhattacharya, arXiv:1302.3198
[8] R. Aaij et al. [LHCb Collaboration], Phys. Lett. B 723 (2013), 33 [arXiv:1303.2614]
[9] M. A. Shifman and M. B. Voloshin, in Heavy Quarks ed. (1981), presented in:
V.A. Khoze and M. A. Shifman, Sov. Phys. Usp. 26 (1983) 387
[10] M. A. Shifman and M. B. Voloshin, Sov. J. Nucl. Phys. 41 (1985) 120 [Yad. Fiz. 41 (1985) 187]
[11] V. A. Khoze, M. A. Shifman, N.G. Uraltsev and M.B. Voloshin, Sov. J. Nucl. Phys. 46 (1987) 112
[Yad. Fiz. 46 (1987) 181]
26
[12] J. Chay, H. Georgi and B. Grinstein, Phys. Lett. B 247 (1990) 399
[13] I.I. Bigi and N.G. Uraltsev, Phys. Lett. B 280 (1992) 271
[14] I. I. Bigi, N. G. Uraltsev and A. I. Vainshtein, Phys. Lett. B 293 (1992) 430 [Erratum-ibid. B 297
(1992) 477]
[15] I.I.Bigi, M.Shifman, N.G.Uraltsev and A. Vainshtein, Phys. Rev. Lett. 71 (1993) 496 [hep-ph/9304225]
[16] B. Blok, L. Koyrakh, M. Shifman and A.I. Vainshtein, Phys. Rev. D 49 (1994) 3356 [Erratum-
ibid.D50:3572,1994] [hep-ph/9307247]
[17] A. V. Manohar and M. B. Wise, Phys. Rev. D 49 (1994) 1310 [hep-ph/9308246]
[18] K. G. Wilson, Phys. Rev. 179, 1499 (1969)
[19] M. Bobrowski, A. Lenz and T. Rauh, arXiv:1208.6438
[20] A. Lenz and U. Nierste, arXiv:1102.4274
[21] M. Beneke, G. Buchalla and I. Dunietz, Phys. Rev. D 83 (2011) 4419 [Erratum-
ibid.D83:119902(E),2011] [hep-ph/9605259]
[22] M. Beneke, G. Buchalla, C. Greub, A. Lenz and U. Nierste, Phys. Lett. B 459 (1999) 631
[hep-ph/9808385]
[23] M. Beneke, G. Buchalla, C. Greub, A. Lenz and U. Nierste, Nucl. Phys. B 639 (2002) 389
[hep-ph/0202106]
[24] M. Beneke, G. Buchalla, A. Lenz and U. Nierste, Phys. Lett. B 576 (2003) 173 [hep-ph/0307344]
[25] A. Lenz and U. Nierste, JHEP 0706 (2007) 072 [hep-ph/0612167]
[26] A. Lenz, arXiv:1205.1444
[27] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86, 010001 (2012) [Particle Data Group]
[28] A. Lenz and M. Bobrowski, arXiv:1011.5608
[29] M. K. Gaillard, B. W. Lee and J. G. Rosner, Rev. Mod. Phys. 47 (1975) 277
[30] J. Ellis, M. K. Gaillard and D. V. Nanopoulos, Nucl. Phys. B 100 (1975) 313
[31] N. Cabibbo and L. Maiani, Phys. Lett. B 73 (1978) 418
[32] W. Bacino et al., Phys. Rev. Lett. 45 (1980) 329
[33] D. Allasia et al., Nucl. Phys. B 176 (1980) 13
[34] N. Ushida et al., Phys. Rev. Lett. 45 (1980) 1049, Phys. Rev. Lett. 45 (1980) 1053
[35] B. Guberina, S. Nussinov, R.D. Peccei and R. Ru¨ckl, Phys. Lett. B 89 (1979) 111
[36] M. Bander, D. Silverman and A. Soni, Phys. Rev. Lett. 44 (1980) 7
[37] H. Fritzsch and P. Minkowski, Phys. Lett. B 90 (1980) 455
[38] W. Bernreuther, O. Nachtmann and B. Stech, Z. Physik C 4 (1980) 257
[39] T. Kobayashi and N. Yamazaki, Prog. Theor. Phys. 65 (1981) 775
[40] N. Bilic´, B. Guberina and J. Trampetic´, Nucl. Phys. B 248 (1984) 261
[41] M. A. Shifman and M. B. Voloshin, Sov. Phys. JETP 64 (1986) 698 [Zh. Eksp. Teor. Fiz. 91 (1986)
1180]
[42] B. Guberina, R. Ru¨ckl and J. Trampetic´, Z. Phys. C 33 (1986) 297
27
[43] M. Ciuchini, E. Franco, V. Lubicz and F. Mescia, Nucl. Phys. B 625 (2002) 211 [hep-ph/0110375]; E.
Franco, V. Lubicz, F. Mescia and C. Tarantino, Nucl. Phys. B 633 (2002) 212 [hep-ph/0203089]
[44] I.I. Bigi, hep-ph/9311206
[45] I.I. Bigi and N.G. Uraltsev, Z. Phys. C 62 (1994) 623
[46] I.I. Bigi and N.G. Uraltsev, Nuc. Phys. B 423 (1994) 33
[47] I. I. Bigi, hep-ph/9508408
[48] G. Bellini, 1.1. Bigi and P.J. Dornan, Phys. Rep. 289 (1997) 1
[49] S. Bianco, F. L. Fabbri, D. Benson and I. Bigi, Riv. Nuovo Cim. 26 (2003) 1 [hep-ex/0309021]
[50] E.C.Poggio, H.R. Quinn, and S. Weinberg, Phys. Rev. D 13, 1958 (1976)
[51] G. Buchalla, A. J. Buras and M. E. Lautenbacher, Rev. Mod. Phys. 68 (1996) 1125 [hep-ph/9512380]
[52] G. Altarelli, G. Curci, G. Martinelli and S. Petrarca, Nucl. Phys. B 187 (1981) 461
[53] A. J. Buras and P. H. Weisz, Nucl. Phys. B 333 (1990) 66
[54] M. Gorbahn and U. Haisch, Nucl. Phys. B 713 (2005) 291 [hep-ph/0411071]
[55] Q. Hokim and X. Pham, Ann. Phys. 155 (1984) 202; Y. Nir, Phys. Lett. B 221 (1989) 184;
E. Bagan, P. Ball, V. M. Braun and P. Gosdzinsky, Nucl. Phys. B 432 (1994) 3 [hep-ph/9408306];
E. Bagan, P. Ball, V. M. Braun and P. Gosdzinsky, Phys. Lett. B 342 (1995) 362 [hep-ph/9409440],
Erratum: Erratum-ibid. B 374 (1996) 363;
E. Bagan, P. Ball, B. Fiol and P. Gosdzinsky, Phys. Lett. B 351 (1995) 546 [hep-ph/9502338];
A. Lenz, U. Nierste and G. Ostermaier, Phys. Rev. D 56 (1997) 7228 [hep-ph/9706501];
C. Greub and P. Liniger, Phys. Lett. B 494 (2000) 237 [hep-ph/0008071];
C. Greub and P. Liniger, Phys. Rev. D 63 (2001) 054025 [hep-ph/0009144];
F. Krinner, A. Lenz and T. Rauh, arXiv:1305.5390
[56] N.G. Uraltsev, Phys. Lett. B 376 (1996) 303 [hep-ph/9602324]
[57] M. Neubert and C. T. Sachrajda, Nucl. Phys. B 483 (1997) 339 [hep-ph/9603202]
[58] M. Beneke and G. Buchalla, Phys. Rev. D 53 (1996) 4991 [hep-ph/9601249]
[59] F. Gabbiani, A. I. Onishchenko and A. A. Petrov, Phys. Rev. D 68 (2003) 114006 [hep-ph/0303235];
Phys. Rev. D 70 (2004) 094031 [hep-ph/0407004]
[60] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nucl. Phys. B 147 (1979) 385, Nucl. Phys. B 147
(1979) 448
[61] D. Becirevic, hep-ph/0110124
[62] M. Beneke and V. M. Braun, Nucl. Phys. B 426 (1994) 301, [hep-ph/9402364]
[63] I.I. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, Phys. Rev. D 50 (1994) 2234,
[hep-ph/9402360]
[64] M.S. Baek, J. Lee, C. Liu, H.S. Song, Phys. Rev. D 57 (1998) 4091 [hep-ph/9709386]
[65] M. Di Pierro and C. T. Sachrajda [UKQCD Collaboration], Nucl. Phys. B 534 (1998) 373
[hep-lat/9805028]
28
[66] A. J. Buras, M. Misiak and J. Urban, Nucl. Phys. B 586 (2000) 397 [hep-ph/0005183];
M. Ciuchini, E. Franco, V. Lubicz, G. Martinelli, I. Scimemi, L. Silvestrini, Nucl.Phys. B 523 (1998)
501 [hep-ph/9711402]
[67] I. I. Bigi, T. Mannel and N. Uraltsev, JHEP 1109 (2011) 012 [arXiv:1105.4574]
[68] P. Gambino and J. F. Kamenik, Nucl. Phys. B 840 (2010) 424 [arXiv:1004.0114]
[69] N. Carrasco, et al., arXiv:1211.0565
[70] G. Rong, arXiv:1209.0085
29
